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Weighted Tutte Polynomial
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Applications For a Graph I we define the weighted Tutte polynomial as,

G. Black
Signed T Tr(%e, Yo, x,¥) = Z (HXG>( H }’e) (x— l)r(r)_r(F) (y — 1)"(F)
igned Tutte

B FCE(T) \eeF ecE(N)\F

Le v(F) be the number of verticies of F, e(F) be the number of
edges of F, and k(F) be the number of connected components
of F. Define r(F) := v(f) — k(f) to be the rank of the graph
F and n(F) := e(F) — r(F) to be the nullity of the graph F.

This is a generalization that agrees with the Tutte polynomial
when we make the substitution x. = y. = 1. This definition
also has the advantage that for any Ribbon Graph G we can
consider its underlying Graph I and get by definition

RG(XE‘7y67X - 1a.y - 1) 1) = Tr(Xevyeaxa.y)



Signed Tutte polynomial
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@il For a Graph ' we define the Signed Tutte polynomial obtained
o Hlae by substitiuting

Signed Tutte
Polynomial 0 o
1 if sign(e)
. {

;/% if sign(e) = —

—+

1 ifsign(e) = +
Ye =

4/5;—:1 if sign(e) = —

into Tr(Xe, Ye, X, y) to get the Signed Tutte polynomial
Tr(x,y).

This gives that Rg(x — 1,y — 1,1) = Tr(x, y) where here
Rc(X,Y,Z) is the signed Bollobads-Riordan polynomial.



Signed Tait Graph
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Applications For a Checkerboard colorable virtual link diagram D we can
G. Black assign a sign o(c) to each crossing ¢ of D in the following way:

Signed Tutte

N .
N/

o(c)=1 a(c)=-1

The sign on the crossings of D induces a sign on the edges Tait
Graph. This gives us the Signed Tait graph of a checkerboard
colorable virtual link diagram D.




Thistlethwaite's Theorem
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AR Let L  R? be a non-split link diagram and let T be a Signed

& Black Tait Graph of L then we have that,
T Y e 1z B
(LA, 64, 112 — 1/ = =T (-t )

where {L)(A, B, d) is the Kauffman Bracket of L.

Corollary 4

Let L  R? be a non-split link diagram and let T be a Tait
Graph of L then we have that,

—2k+2v—e+3w(l)
4

Ju(t) = (-1t Tr(=t!,~t)

where Ji(t) is the Jones polynomial for the Link L and w(L) is
the writhe of L.
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Figure: Signed Tait Graph of 4; Knot



Example 1

Polynomials
on Graphs

with
Applications ’ _
G. Blacl é
X2 (g-0" (-9 Xty
Example 1 - ;— - _
— - > —
ey L-V) K xE 92 (%-)(y-9) L @ 1)
Xy (40 ¥yt Xy Y@ (k-
A o \ ,/—‘c o .
Xy" %o Y ) ey | oyt ey




Example 1

Polynomials
on Graphs
ith . .
it This Gives,

Applications

G. Blacl

Tr(xy) =x*(y=1+43y_(y—1)+x2y* (5+ (x—1)(y - 1))

+ax_y3(x —1) + y* (x — 1)2
Since —2k+2v—e=2—-6+4=0and w(K) =0,

Example 1

—2k+2v—e
4

J41(t) =t ’TF(_t_lv _t) = ﬂ(_t_:L?_t)
=t 2(—t—1)2 44t Y (—t—1)+5+ (=t L —1)(~t—1)
tat(—tt 1)+ (- 1)2

=2 —t+1—t 1472



Contraction-Deletion on Graphs
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@ [Hedl Two of the important operations on Graphs are the contraction
and deletion operations. The contraction with respect to an
edge e is denoted G/e. The deletion with respect to an edge e
is denoted G — e.

Contraction-
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Recurrence
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Figure: Contraction of edges Figure: Deletion of edges



Alternate Definition For Weighted Tutte

Polynomial
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Contraction and Deletion Operations to help compute these
polynomials.
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Definition 5

Contraction. We can Define the Weighted Tutte Polynomial, T¢g(xe, Ye, X, )
Deliiten to be the unique polynomial such that.

Recurrence
Relations

Tr=Yelr—e+ xeTr/e If e is not a bridge nor loop;
Tr = (Ye(x = 1) + xe) Tr/e  If e is a bridge;

Tr= e+ (y—1)xe)Tr_e |If eis a loop;

Tror,=Tr, - T, For disjoint union My L Ip;
T.=1



Polynomials
on Graphs
with
Applications

G. Black

Contraction-
Deletion
Recurrence
Relations

Thistlethwaite's Polynomial
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a Graph T recursively by;
7[F] = A_1 [T —e] + Act[l /€]
7[l] = AZ37[T /e]
T[] = [ —e]
Tl w |_2] = d7[l1]7[l2]
[-] =

\]

Where d = —A? — A=2 and A, = {

In [TH], Thistlethwaite defined the Laurent polynomial 7[I'] of

If e is not a bridge nor loop;
If e is a bridge;

If e is a loop;

For disjoint union 'y L ['p;

A if sign(e) = +
Al if sign(e) = —



Connection to Bollobds-Riordan Polynomial
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From this definition of Thistlethwaite’s polynomial it is not
obvious that it is a specialization of the Bollobas-Riordan
Polynomial. It is a straightforward verification that for a
connected graph I we have,
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Contraction-

Dylsiiters T[r] _ A2k72v+e7-r(_A47 _A74)

Recurrence
Relations

by seeing that both polynomials are defined the same
recursively. This means that,

T[] = AK=2VFeRo (A% — 1, -A™* —1,1)
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Let D be a checkerboard colorable Virtual link diagram and I
be the associated Signed Tait Graph then we can define;

vp,r(t) = ((—A)_3W(D)T[r])A_2=t1/z

Polynomial
Invariants

It is clear from that this polynomial must be a specialization of
the Bollobds-Ribbon polynomial.



A Polynomial Invariant
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Let > be a closed orientable surface. Let D c ¥ be a
checkerboard colorable, non-split link diagram, and L < ¥ x [
the associated link. Let T and I’ be the signed Tait graphs
associated to the two checkerboard colorings of D. Then,

{vor(t),vpr(t)}

Polynomial
Invariants

Is an isotopy invariant of L.

Note that from the definition of vp r we can see that
Thistlethwaite’s theorem implies that for classical links we have

vpr =vpr = Jp(t)



Example 2
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We can see that from this Contraction-Deletion binary Tree
that,

TM=A8—A*—A*+14+ A8

Since we have w(K) =0,

v r(t) =t —t+1—t 14 t72 = Uy ()

Example 2



Example 3
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Example 3
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Example 3 \ll\ l'fA % .

This Gives T[] = A=8 + 2 + A8
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G. Black VD,F(t) =1

and
vpri(t) =t 2 +2+ 2

hence,
S={1,t72+2+1t%

Is an isotopy invariant of K. Note that since D is not a planar
Jp(t) need not be an element of S. This example illustrates
that fact because we can compute

Example 3

Ipt)=t> —t+1—t14+t72¢S
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